An RBF-based meshless method is presented for the analysis of thin plates undergoing large deflection. The method is based on collocation with the multiquadric radial basis function (MQ-RBF). In the proposed method, the resulting coupled nonlinear equations are solved using an incremental-iterative procedure. The accuracy and efficiency of the method are verified through several numerical examples. The inclusion of the free edge boundary condition proves that this method is accurate and efficient in handling such complex boundary value problems.
Introduction
The nonlinear deflection problems arise when using the light weight structures. In several practical light weight structures applications such as fluid tank, aircraft, and hydrospace, flexible plates are commonly used and undergo large deflection. Consequently, the analysis of the plates becomes more difficult. The governing equations become coupled and highly nonlinear [1] . The available analytical methods are based on simplified assumptions and are limited to simple loading and boundary conditions [1] [2] [3] [4] [5] . For such complicated problems, numerical methods offer convenient and reliable solutions. The ideal numerical method for the solution of nonlinear partial differential equations (PDEs) such as the one considered here should be high-order accurate, flexible with respect to the geometry, computationally efficient, and easy to implement. The conventional numerical methods that are commonly used usually fulfill one or two of the above criteria, but not all. Finite difference methods (FDM), finite element methods (FEM) , and boundary element methods (BEM) have been the dominating methods for the numerical solution of PDEs [6] [7] [8] [9] [10] [11] [12] [13] . Referring to the most dominant approach, that is, FEM, it is highly flexible, but it is hard to achieve high-order accuracy and both coding and mesh generation become increasingly difficult as the problem dimension increases. The use of a mesh implies that specific procedures have to be devised just to define the mesh. Also, and to keep the order of the local approximation within reasonable limits, the element size has to be reduced, whenever better approximations are pursued. The extraordinary amount of work, which has been put into FEM research since its early years, has, one way or another, circumvented these and other problems associated with the existence of a mesh and made FEM the dominant approach for most problems in computational mechanics. Accordingly, many sophisticated powerful codes (e.g., ANSYS, ABACUS, and COMSOL) have been established and have proven to be reliable in solving almost any computational mechanics problem. FDM can be made high-order accurate in resolving PDEs but require a structured grid (or a collection of structured grids), which makes it difficult to model features of irregular domain. Furthermore, solutions of PDEs using FDM can be derived from the assumptions of the local interpolation schemes and require a mesh to support the localized approximations; however, the construction of a mesh in two or more dimensions is a nontrivial problem. In recent years, BEM has become a powerful alternative to FEM and FDM, especially for problems involving high gradients and stress concentrations. It has been successfully applied to solve the problems of large deflection of thin elastic plates. However, this was possible by devising some techniques to overcome the inherent deficiency of BEM as a self-standing numerical method in handling nonlinearities.
Nevertheless, the possibility of obtaining numerical solutions for PDFs without resorting to element frame has been the goal of many researchers throughout the computational mechanics community for the past three decades or so. One of the earliest meshless methods is the smoothed particle hydrodynamics (SPH) which was developed in 1977 by Lucy et al. [13, 14] . Since then, many versions and types of the meshless methods have been proposed. Examples are the radial basis function-based collocation method (RBF) by Kansa [15, 16] , the diffuse element method (DEM) by Nayroles et al. [17] , the element-free Galerkin (EFG) method by Belytschko el al. [18] , the reproduced kernel particle method (RKPM) by Liu et al. [19] , the finite point method by Onate et al. [20] , the meshless local Petrov-Galerkin method (MLPG) by Atluri and Zhu [21] , and the mesh-free weak-strong form (MWS) by Liu and Gu [22] .
RBF method, as one of the efficient meshless methods, has attracted attention in recent years especially in the area of computational mechanics. In general, RBF method expands the solution of a problem in terms of RBFs and chooses expansion coefficients such that the governing equations and boundary conditions are satisfied at some selected domain and boundary points. This method does not require mesh generation which makes it advantageous for nonlinear problems that require frequent remeshing such as the one considered in this study. The roots of RBF go back to the early 1970s when it was first used for fitting scattered data [23] . In the early 1980s, it was coupled with BEM in a technique called dual reciprocity-boundary element method where the RBF was employed to transform the domain integrals into boundary integrals [24] . Thereafter, many researchers have used RBF in conjunction with BEM to solve various problems in computational mechanics. The method, however, has not been applied directly to partial differential equations until 1990 by Kansa [15, 16] . Since then, many researchers have suggested several variations to the original method [25] [26] [27] [28] [29] [30] [31] .
Most of previous applications of meshless methods to large deflection of plates are limited to simple and clamped boundary conditions. The inclusion of free edge boundary condition poses a challenge for both analytical and numerical methods. The difficulty of the free edge boundary condition is due to the enforcement of zero shear on the free boundary of the plate which, for large deflection, involves lengthy and highly nonlinear differential operators as explained in Section 2. In this paper, a multiquadric radial basis function-(MQ-RBF-) based meshless model is developed for the solution of large deflection of thin plates with different boundary conditions including free edges. The proposed method has the advantages of simplicity and ease of code implementation. The accuracy of the model is validated through several numerical examples.
Governing Equations
The governing equilibrium equations of a plate undergoing large deflection can be expressed in terms of the transverse displacement and a stress function or in terms of and the in-plane displacements and . The summary of both formulations and their corresponding boundary conditions are given below.
-Formulation.
In this formulation, the governing equations for large elastic deflection of thin plates are represented by two coupled nonlinear differential equations, known as Von Kárámn equations, which are expressed in terms of the displacement and a stress function [1] :
where is the distributed load, is the plate thickness, and
is the flexural rigidity of the plate having elastic constants and ], and NL( , ) is a nonlinear differential operator given by
The stress function is related to the membrane forces , , and by the following differential operators:
The details for deriving (1) and (2) are given in the classical book by Timoshenko and Woinowsky-Kreiger [1] . The first equation describes the transverse or bending action whereas the second equation represents the in-plane action of the plate. In general, there are two types of in-plane boundary conditions, namely, movable and immovable. The -formulation can be utilized directly in the former type where the movable boundary condition is represented by = / = 0. However, the immovable boundary condition ( = = 0) cannot be accurately expressed in terms of the stress function . To overcome this difficulty, (2) can be replaced by two partial differential equations in terms of the in-plane displacements, and , as described in the following section.
--Formulation.
Excluding the body forces, the equilibrium equations along and are given by
the membrane strains are related to the membrane through the following equations:
The membrane strains are also related to the displacements by the following equations:
Using (7) into (6) and then in (5), we get
To complete the --formulation, (1) is rewritten after replacing the stress function by the proper terms involving the displacements , , and . Equation (1) becomes
Equations (8) and (9) can be expressed in compact forms as follows:
where
In the above equations, subscript variables denote partial differentiation with respect to the variables. (1) The first is transverse boundary conditions which are encountered in both small and large deflection formulations. For this type, we will assume that, at each boundary point, there are two prescribed boundary conditions:
, for simple and clamped edges , for f ree edges (14) (b)
, for a clamped edge
, for simple and f ree edges, (15) where is the normal bending moment which is given by
The shear force is composed of a linear and a nonlinear part; that is, = + NL , where is given by
The nonlinear part of the shear, NL , is given by
The above nonlinear formula for the nonlinear part of the shear force is suitable for the -formulation. The nonlinear part of the shear corresponding to the --formulation can be obtained by replacing the stress function with the proper derivatives of , , and . The result is
where and are the and components of the unit vector normal to the boundary, respectively.
(2) The second is in-plane boundary conditions which have to be addressed in the case of large deflection formulation. This type of boundary condition is further classified into two types of edge conditions: (a) Movable edge (free to move in the in-plane directions) which is represented by the following equation:
(b) Immovable edge which is represented by
In summary, the plate problem with movable edges can be handled by the -formulation represented by the governing equations (1) and (2), the lateral boundary conditions (14) and (15), and the in-plane boundary conditions (20) , while the plate problem with immovable edges can be handled by the --formulation represented by the governing equations (8) and (9), the lateral boundary conditions (14) and (15) , and the in-plane boundary conditions (21).
RBF Formulation
Consider the 2D computational domain (Figure 1 ) that represents the plate geometry. For collocation, we use node points distributed both along the boundary ( , = 1, . . . , ) and over the interior ( , = 1, . . . , ). Let = { , }, so that the total number of points called poles is = + . The transverse deflections , the stress function , and the in-plane deflections and are interpolated linearly by suitable radial basis functions, respectively:
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is the magnitude of the concentrated load acting at the th point ( , )
with a multiquadratic radial basis function (MQ-RBF), is the shape factor, and , , , and are unknown coefficients to be determined by applying the governing equations at the domain points and satisfying the boundary conditions at the boundary points.
For the -formulation, the collocation of (1) and (2) yields the following coupled nonlinear algebraic equations:
6 Mathematical Problems in Engineering Similarly, the collocation of (10), (11), and (12), for the --formulation, yields the following coupled nonlinear algebraic equations:
where the collocations of (10) and (11) have been combined to get (26) . For the solution of (25), (26), and (27) , the loads are applied incrementally and then solved by iterations until the convergence is satisfied for each incremental load. The nonlinear terms (NL( , ), NL and −( /2)NL( , )) in (25) and NL 1 ( ), NL 2 ( ), and NL 3 ( , , ), in (26) and (27) , are put equal to zero in the first iteration of the first incremental load and then (25) , (26) , and (27) are solved accordingly to get , , , and functions after the nonlinear terms are evaluated to be used in the next iteration. This procedure is iterated until convergence is satisfied; otherwise, the load increment is reduced. The iterative procedure is repeated by adding load increments and performing iterations until the total load is applied. 
Numerical Examples
In order to examine the effectiveness of the proposed RBF method, the following three examples are considered. In all examples, the loads are assumed to be either uniformly distributed = or concentrated = , Poisson ratio ] is assumed 0.3, and the analysis was performed for several combinations of boundary conditions and shapes. For generality of the solutions, all results are made dimensionless, so that the coordinates, the load, the deflection, and the stress are represented by = / , = / ,
, respectively. The shape factor, , of the RBF is changed according to the boundary conditions and the type of load. Its optimum value ranged between 0.3 and 0.8.
Example 1.
Consider a square plate with three simply supported edges and the fourth edge free (denoted by SSSF). All edges are allowed to move in the in-plane directions and hence, the -formulation is used. The plate is analyzed for two different load types: a uniformly distributed load ranging from 1.5 to 12 and a central concentrated load ranging from 1 to 8. The plate is discretized using a uniform node distribution consisting of 36 boundary nodes and 81 domain nodes as shown in Figure 2 . The results of the deflections as obtained by RBF and FEM at the center and at the mid-point of the free edge are given in Tables  1 and 2 for the uniform and central concentrated load, respectively. The maximum differences in the deflection at the center of the plate are 1.25% and 3.95% for the uniform and concentrated load, respectively, whereas the differences at the free edge of the plate are 1.26% and 4.73% for the uniform and concentrated loads, respectively. The maximum differences in the bending stresses at the center of the plate are 2.93% and 4.49% for the uniform load and concentrated load, respectively. For the stresses at the mid-point of the free edge, the maximum differences are 3.75% and 4.95% for the uniform and concentrated load, respectively.
Example 2.
Consider the plate of Example 1 with its simply supported edges replaced by clamped edges and let us denote it by CCCF. The uniform load is incrementally increased from 5 to 40 while the central concentrated load is incrementally increased from 2 to 16. The plate is discretized using a uniform node distribution similar to the one employed in Example 1. The results of the analysis of this example are given in Tables 3 and 4 for the uniform load and Tables 5  and 6 for the central concentrated load. The results show a good agreement between RBF and FEM solutions for the uniform load with a maximum difference of 1.61% in the deflection results and a maximum difference of 4.99% in the stress results. For the concentrated load, the results show a reasonable agreement between the two solutions with a maximum difference of 4.37% in the deflection results and a maximum difference of 4.88% in the stress results. (Tables 7-10 ), once again, show a good agreement between RBF and FEM solutions. For the uniform load, the maximum difference is 4.66% in the deflection results and 4.92% in the stress results while, for the concentrated load, the maximum difference is 4.25% in the deflection and 4.69% in the stress results.
Conclusions
An RBF-based meshless method has been presented for the solution of large deflection of thin plates with different boundary conditions including free edges. The method is based on collocation with MQ-RBF. The load types considered in the study are uniform and concentrated. The boundary conditions covered are clamped, simply supported, free, movable, and immovable conditions. The FEM-based software COMSOL has been used to verify the RBF results. The proposed RBF meshless method has the advantage of being simple, easy to implement in a computer code, and reasonably accurate and therefore can qualify as an alternative numerical technique for the solution of highly nonlinear boundary value problems. 
